Section 1.1 Sets

Chapter 1
Numbers, Linear Functions, Equations, Inequalities, and their Applications

Covered in this Chapter:
1.1 Sets of Numbers and Set Builder Notation.

1.2 Rectangular Coordinate System. Pythagorean, Distance and Midpoint Formulas.
1.3 Relations and Functions. First Degree Functions. Slope of a Line.

1.4 Equations of Lines.

1.5 Linear Equations in One Variable.

1.6 Linear Inequalities in One Variable.

1.7 Applications.

» Answers to Exercises.



Chapter 1 Sets of Numbers, Linear Functions, Inequalities and their Applications

1.1 Sets

When we have a collection of data of similar but distinct objects, we use set notation. We write the data
between a left brace “{” and a right brace “}”. Data is separated by a comma “,”. The left brace “{” will
mean that we are going to write a list of data in set notation. Don’t forget to close the set by writing the
right brace “}”.

Example: The set {Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday} represents a set
that contains the days of the week.

A set has an infinite number of objects if we write the three dots (ellipsis) at the end of the list of objects.

Sets of Numbers:

The Set of Natural Numbers: N={1,2,3,4,5,...}

The Set of Whole Numbers: W={0,1,2,3,4,5,...}

The Set of Integers: Z ={...,-3,-2,-1,0,1,2,3,...}

The Set of Rational Numbers: Q= {£| pandgeZ;q= O} , iI.e. all numbers p and q such that p and g
q

exist in the set of all integersZ and q is not equal to zero.

Note: All terminating decimal numbers and repeating decimal numbers are rational numbers.

Examples of Rational Numbers: 0.25, 0.625, 03, 0.7

All of the numbers given in the example are rational numbers since each can be written in the form P

These numbers can be written in a rational form respectively as follows: {l 21 Z}

4'8'3'9
The Set of Irrational Numbers: H = Q ={x| x is not a rational number}, i.e. all numbers that cannot be

written in rational form.
Examples of Irrational Numbers: 7, e, J2.

In general, any number that cannot be written as a repeating or terminating decimal is an irrational

number.

The Set of Real Numbers: R={x | x is a point on the number line}, i.e. a real number can be irrational,

rational, an integer, whole, or a natural number.
The figure on the top of the next page illustrates the relationships between all of the above sets of
numbers. The block diagram shows the position of each set of numbers with respect to the other sets of

numbers. All the lower sets of numbers are subsets of the highest set which is the set of all real numbers.
-



Section 1.1 Sets

Real Numbers

I
v v

Irrational Numbers Rational Numbers
I
v v
Non-Integers Integers
I
v v
Negative Integers Whole Numbers

I
v v

Zero Natural Numbers

Set-Builder Notation:

We use the set-builder notation method (which is sometimes referred to as the roster notation method)

when we can’t write all elements in a set as in the set of all real numbers since it is infinite.
Example: E ={L,3,5,7,9,...} ={x| x is a positive odd number}.
The above set is read as “The set E is the set of x such that x is a positive odd number”.

The illustration below shows how to read the set of all real numbers written in set-builder notation.

such that
{xIx e R}
The set of
« ’ the set of all real numbers
belongs to
or “is an element of”
or “exists in”

So, we read the set as follows: “The set of x such that x is an element of (or one of the other alternatives

shown in the call-out) the set of all real numbers”.
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The Real Number Line:

Any real number can be represented as a point on a line called the real number line.

There is a one-to-one correspondence between real numbers and points on a line. That is, every real
number corresponds to a point on the line, and each point on the line has a unique real number associated
with it. Pick a point on the line somewhere in the center, and label it 0. This point, called the origin,
corresponds to the real number O (see Figure 1). The point one unit to the right of 0 corresponds to the
number 1. The distance between 0 and 1 determines the scale of the number line. For example, the point
associated with the number 2 is twice as far from 0 as 1 is. Notice that an arrowhead on the right end of

the line indicates the direction in which the numbers increase. Figure 1 also shows the points associated

with the irrational numbers /2 and 7 . Points to the left of the origin correspond to the real numbers

2 units
Scale
1 units r—
T

. . ——t —— f—> +o0
-3 -2 -1 1o 12 2 3
2

-1, -2, -3, and so on.

Figure 1

The real number associated with a point P is called the coordinate of P. The line whose points have been
assigned coordinates is called the real number line.

The real number line consists of three classes of real numbers as shown in the figure 2 below.

1. The real number zero is the coordinate of the origin 0.

2. The negative real numbers are the coordinates of the points to the left of the origin 0.

3. The positive real numbers are the coordinates of the points to the right of the origin 0.

-0 AR SR T NN U T N TN NN S SN SR | » +0
3 52 3-1_10 1 1 3 2 5 3
2 2 2 2 2 2
I \
Negative real numbers  Zero Positive real numbers

Figure 2
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Section 1.1 Sets

Exercises 1.1

In exercises 1 — 6, list all elements that belong to the set of natural numbers, whole numbers, integers,

rational numbers, irrational numbers, and real numbers.

1. {—10,—%,0,\5,&7}

N

77,1 \/—10 \/ﬁ}

w

2

. {-5:6,-25,0.1,4/3,1.25}
i [onazmtontd]

B

,5,ﬁ}

»~ |

o

{—4.25,—2,0.125,0.21,0.573}

In exercises 7 — 23, plot the given points on a number line.

7) 0 8) -7 9) = 10) -1
11) 10 12) -4.75 13)% 14) 5
15) 2.25 16) -6 17) -35 18) —2
19) = 20) 2 21) 2.5 22) 4
23) 5
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1.2 Rectanqular (Cartesian) Coordinate System

To graph a curve in two dimensions we need two number lines. The first number line is drawn
horizontally and is called the x-axis. The second number line is perpendicular to the first number line at
origin and is called the y-axis. From screen (b) below, you can see that the two number lines (axes) divide
the plane into four quadrants. The signs in each quadrant are shown in screen (b) below. So to graph any
point in the rectangular coordinates, we need two values. The first value tells us the horizontal distance
from the y-axis. This value is called the x-coordinate. The second value tells us the vertical distance from
the x-axis. This value is called the y-coordinate. The two values can be written together as an ordered pair.
It is called an ordered pair because x and y coordinates must be written in order; the x-coordinate is
written first followed by the y coordinate. We separate both coordinates by a comma “,” and always
enclose the two coordinates between a left and a right parenthesis. The general form of an ordered pair is
(X, y). In screen (a) below, the standard window of the TI 83/84 is shown and you can see that x-values
range from -10 to 10. Also, the y-values range from -10 to 10. Xsc1 and Ysc1 mean that the size of each
unit in the x and y axes is one. Notice that the dimension of each dotted box is one by one. So, it should
look like a square. Note: Since the width of the TI display is greater than its height (a rectangular display),
each dotted box looks like a rectangle.

WIHDOW SRR SRR
nin= 10 ST TR SE TN N 4
werl=1 I N1 I £ KT b I
Ymin=-1A
Ymax=1A DlguAn: D Of D OUADY CC
Yacl=1 A S R S TR
ares=l AR .
(@) b) (c)

Pythagorean Theorem

ee e |n aright triangle, the square of the hypotenuse is equal to the sum of the squares of its two sides.

> > > hypotenuse
a“+b°=c c side b

side a



Section 1.2 Rectangular Coordinate System

Distance Between Two Points P,(x,, y,) and P,(X,, Y,) :

y
P, (%, Y,)
d
(val) Y= Y1 Y,
P, 0+
X, — X, —> y l
I‘_ 2 1 1 oy
— X L— T
< X, —>

From the above figure, we see thatd® = (x, —x,)* +(y, — ¥,)*.

By taking the square roots of each side, we get the Distance Formula:

d =% —%)2+ (¥, — Y,)?

Note: When we find the distance between any two points, it doesn’t matter which point you call point one

or which point you call point two.

Example 1: Find the length of the line segment with end points (3, 5) and (7, 8).

Solution: d =+/(7—3)* +(8—5)? =/4?+3* +/16 +9 =/25 =5
Example 2: Find all points with y-coordinate equal to -3 whose distances from the point (2, 5) are 10.
Solution: Let the points be (x, y). Since the y-coordinate of these points is -3, the points are (x,—3)

The solution below shows how to solve the problem by using the distance formula.

d =10 = /(X - 2)? + (-3-5)?
10 = \/(x—2)% + (-8)?

10 = /(x —2)* + 64, square both sides of the equation
100 = (x — 2)? + 64, subtract 64 from both sides of the equation

36 = (x—2)?, take the square root of each side
16=X-2, . X=216=>x=2-60rx=2+6
o x={-4,8}

|.". The points are (—4,-3) and (8,-3) |

Note: The symbol .. means “therefore” or “then”.

-7-
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Another solution by graphing:

¥
(2,5
L1\
10, 4/ \\ /10
N < 8 ©

! X
P B - 3/5 a }}\ 1
yi=+3 / ,6 3\ \\
< X R >

(—4 — ) 2,—3) 8,—3

From the above sketch, we can see that points are (-4, -3) and (8,-3)

Midpoint Between Two Points P,(x,, y,) and P,(X,, Y,) :

X P, (%, Y2)

p 7 Y

Xinid :% Py (X V) (szym)T
Y,

_YtY, P(%: Y1) oy —5 Yn

Ymia = 5 1+ Y ; 1

¥ Y X
X +X, Yy, +y o x
M(x, y)=| 1% Y17 Y 1
( y) ( 2 2 j < X >
X, >

Example 3: Find the coordinates of the midpoint of the line segment with endpoints (3, 5) and (7, 1).

Solution: X, =3+T7:%=5, Ynid :%zgza S M(x,y)=(5,3)

Example 4: If the coordinates of the midpoint of the line segment with endpoints (a, 4) and (3, b) are
(5, -2), find the values of a and b.

Solution: * X4 = u, 5= aT+3, multiply both sides of the equation by 2

2

~10=a+3, .[a=7]

VYoig = % S=2= 4L2b multiply both sides of the equation by 2

c.—4=4+b, - [b=-8

Note: The symbol - means “since”.
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Exercises 1.2

In exercises 1 — 8, plot the given ordered pairs on a rectangular coordinate system.

1) (-2.5) 2) (4,0) 3) (1-3) 4) (2,5)

5) (0,-2) 6) (—2,-1) 7) (-5,0) 8) (0,4)

9) Find the length of the line segment with endpoints (-1,4) and (5,—4).

10) Find the length of the line segment with endpoints (4,-3) and (9,9).

11) Find all points with y-coordinate equal to 5 whose distances from the point (3,-1) are 10 units.

12) Find all points with y-coordinate equal to —4 whose distances from the point (8,1) are 13 units.

13) Find all points with x-coordinate equal to —2 whose distances from the point (1,—3) are 5 units.

14) Find all points with x-coordinate equal to 3 whose distances from the point (-5,2) are 10 units.

15) Find the coordinates of the midpoint of the line segment with endpoints (1,-3) and (7,5).

16) Find the midpoint of the line segment with endpoints (-5,0) and (3,8).

17) If the coordinates of the midpoint of the line segment with endpoints (a,3) and (5,b) are (8,-5),

find the values of a and b.

18) If the coordinates of the midpoint of the line segment with endpoints (a,—7) and (-2,b) are (3,-4),

find the values of a and b.
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1.3 Relations and Functions

Often, we want to associate two quantities or objects together. This association between the two quantities
is called a relation. Therefore, a relation is a set of ordered pairs. When you go to the grocery store to buy
oranges, the price you pay depends on the quantity you buy. Let’s say that one pound of oranges costs 50

cents. A table of costs and quantities is given:

Number of Pounds Cost
1 $0.50
2 $1.00
3 $1.50
5 $2.50
10 $5.00

We can write the above table as a set of ordered pairs as follows:
{(1,0.50), (2, 1.00), (3, 1.50), (5, 2.50), (10, 5.00)}

The set of all x-coordinates is called the domain of the relation. The set of all y-coordinates is called the

range of the relation. Therefore, the domain of the relation is {1, 2, 3, 5, 10} and the range of the relation
is {0.50, 1.00, 1.50, 2.50, 5.00}.

Functions:

A function is a special type of relation in which no two ordered pairs can have the same first coordinate

and different second coordinate.
i.e. In a function, there is a unique y for each x.

When we represent functions, we can write the function as a set of ordered pairs, as data in a table, as an

equation, or as a graph.

We should be able to tell if a given graph is a function or a relation. From the graph we can write the
domain and range of the relation or the function.

Vertical Line Test:

If any vertical line intersects a graph at no more than one point, then the graph is a graph of a function.

We will discuss the underlined words when we start covering one to one functions.

-10-
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Example 1: Below are some graphs that we will be dealing with the rest of the course.

LN e
L | /

Function Function Function
Domain: R R x>0
Range: y>0 y>0 R

VA =

Function Function Not a Function
Domain: x>0 R x>0
Range: R y>0 R
Not a Function Not a Function Not a Function
Domain: -5<x<5 —2<x<2 X<-3Uux=>3
Range: -3<y<3 —2<y<2 R

Function Notation:

Value of Function/
Dependent Variable

I

Independent Variable

Name of Function

-11-
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Example 2: Let’s assume that there is a math
class in your college with only five students. The
instructor must assign a letter grade at the end of
the course. The grade must be one out of these
grades A, B, C, D, and F.

George —==d 5 A
Juagn e B
Mary —==vd 5,  C
Sara —r=vd D
Kevin —f&d 5, F

The above illustration is definitely a function
since there is a unique grade for each student in

class.

Now, let’s change the scenario a little bit and
assume that there are 7 students in class. Again,

the instructor must assign a grade for each

student.
George —==d_5 A
Juan —eed g
Mary —== ,C
Sara
Kevin
Pablo
Pham

Do you think the above illustration is still a
function? If you said yes, you are right since

each student received a unique grade. It makes

-12-

sense because more than one student can get an

A In a certain course.

Now, let’s change the example one more time

and use the previous assumption.

received A

George ——>
\

JU an received B

received

——>C

Mary
Sara

Kevin

Pablo

Pham

Do you think the above is a function? Notice that
George received A and B at the end of the
course. Do you think this makes any sense? Can
a student receive two different grades at the end
of the course? Definitely not. Therefore the last

example is NOT a function.

To summarize the definition of a function we

give the following illustration:

X——— Yy function
/ Y1

X not a function
\ Y2

Xl
> y  function
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Note: When you enter a function in your TlI, there is a fast and elegant way of generating a list of ordered
pairs of that function. When you are given a function, you should be able to evaluate that function at any
given value by simply substituting the given value into the function and evaluating the result. The Tl

83/84 can do this in many ways as illustrated in the given example.

Example 3: Evaluate the function f (x)=3x-5atx={-2,0,4,7,10}.
Method 1: Press[Y =] to go to the function editor. Let Y, = f (x) =3x—5(see screen ‘a’).

Press|GRAPH | (see screen ‘b’). Now, press | TRACE | followed by the value of x at which you are

evaluating the function. The corresponding y-value will appear at the bottom of the screen (see screen

‘c”). Keep entering the rest of the x-values and record their corresponding y-values.

Flakl Flokz Flok3 =38-5
MM EIE-D
M=
“Mr=
“My=
“Me=
“HE=
wHa= H=3 =y

(a) (b) (©)

Method 2: Press to go to the function editor. Let Y, = f (x) = 3x —5(see screen ‘a’).

Press [2nd| TBLSET]. In that screen you can customize your ordered pairs by setting the starting value

for the independent value x. You can also set the increment by which x increases (if it is uniform).

In our case, because we are concerned about certain values of the independent value of x, enter the

following keys|Indpnt :|Ask|ENTER]. |ask|will be highlighted as shown in screen ‘a’ below. Now

press TABLE|. You’ll get screen ‘b’ below which shows an empty table. Every time you enter a

value for x, the corresponding dependent value of y will automatically appear. Enter all values of x and

write the 5 ordered pairs as they appear in screen ‘c’.

THELE SETLUFP I s
Thlstart=n ] -11
alhl=1 -£

Indrrts Auto
Depang: [FEE= EEE

I uEs .
-
!
W

(@) (b) (©)
-13-
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Linear (First Degree) Functions:

Notes:

General Form of a Linear (First Degree) Function
f(x)=ax+b

where a and b are real numbers

The name linear comes from the fact that the graph of the function is always a non-vertical line.

When we graph a line in rectangular coordinates, the line may intersect the x-axis, the y-axis, or it

may intersect both axes.

The x-intercept is where the line intersects the x-axis. To find the x-intercept, set y equal to zero

and solve for x. The coordinate of x-intercept is(A,0).

The y-intercept is where the line intersects the y-axis. To find the y-intercept, set x equal to zero

and solve for y. The coordinate of y-intercept is (0,b).

The values at which the function is equal to zero are called the zeros of the function.

i.e. If f(c)=0,thencis called a zero of the function f.

A zero of a function is the same as saying a root of the function which is also the same as saying

an x-intercept of the function. i.e. |a zero =aroot =an x intercept

When we say find a complete graph using your TI, we mean find a window that shows all of the

x-intercepts of the graph, the y-intercept of the graph, and all twists and turns of the graph.

Slope of a Line:

The slope of a line is the measure of its steepness (or inclination).

The slope of a line is denoted by m and is given by:

rise

slope =—

run

hange i

slope:—c ange !ny _ 4y
changeinx Ax

m = Yo=Y

X; =%

-14-



Example 4: Find the slope of the line passing

through the two points (1,2) and (5,4).

4_
Mm=——=
5-1

N

(a positive slope)

I V)
N |-

The line rises from left to right.

Example 5: Find the slope of the line passing

through the two points(3,7) and (5,1).

m==——= 76 = -3 (a negative slope)

The line falls from left to right.

Section 1.3 Relations and Functions

Example 6: Find the slope of the line passing

through the two points (-5,6) and (4,6).

= g =0 (a zero slope)

The line is a horizontal line.

Example 7: Find the slope of the line passing

through the two points(4,-7) and (4,5).

(€]
|
|
~
~
=

m= = 12 = (Undefined slope)

N
B

The line is a vertical line.

Note 1: When you find the slope of a line, it doesn’t matter which point you call point one or which point

you call point two.

Note 2: A linear function is called a constant function if its slope is zero (i.e. its graph is a horizontal

line).

Note 3: A vertical line is not a function. The slope of a vertical line is not defined.
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Exercises 1.3

In exercises 1 — 18, decide whether the given relation is a function. State the domain and range of each

relation. In any T1 screen, assume that Xscl = Yscl = 1 and all boundary points are included.

1){(-13),(0,2),(3,-4),(7,5),(10,10)

3){(-5.2).(0,2).(1.2),(3,2).(6,2)}

5){(-6.-4).(-3,-1),(0,1),(-3.4),(5,6)}

7)

10)

13)

16)

-]
Tt
a

[y
-

[ LN - ]
l.r i [

2){(-2.1),(-1.2),(3,5).(5.4).(7,9)}
#{(-3.1).(-11).(31),(5.1),(7.)}

6){(-4.-1).(1.2),(3,5).(1.4).(6.8)}

: [ [ -
8) 9) Lzi?y =
| —
~T el
11) 12)
15) K/

N

W L
(N

\/

17)

N
ol




Section 1.3 Relations and Functions

In exercises 19 — 27, evaluate the function at the given value of x.

19)f (x)=3x+4,x=2 20)f (x)=2x-5,x=—-4

21 f (x)=x*-2x+3x=1 22) f (x)=3x*+4x-10,x =-1
23)f (x)=v2x* -2,x =3 24) (x)=/3x* +6,x =1

25) f (x) =|2x+5/-1,x =2 26) f (x)=3x+4|-2,x=5

27) f (x)=x+[2x-1],x =3

In exercises 28 — 32, find the slope of the line passing through the given two points.
28) (—2,4),(5,9) 29) (1,5),(7,—2) 30) (4, 6),(8,6)

31) (2.3),(2,5) 32) (-1-4),(52)

In exercises 33 — 40, find the slope of the given line. Assume that Xscl = Yscl = 1.

33) f’fﬂ 34)

35) \\ i 36)

37) 38)

‘ x x
39) 40)

-17-
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1.4 Equations of Lines

Example 1: Find the slope of the line passing through the two points(x,,y;) and (x,y).

Solution: m =~ Y-

X=X

cross multiply and you will get: y —y, =m(x—X,)

Point - Slope Form of a Line

If a line passes through the point (x,, y;) with slope m, then its equation is given by

y—yl:m(x—xl)

Example 2: Find the equation of the line passing

through the point(2,5) with slope 3.
Solution:

y=y,=m(x-x)
y—5=3(x-2)
y—-5=3x-6
Sly=3x-1

Note: You have to solve the equation for y if you

want to use your Tl to graph it.

Example 3: Find the equation of the line passing

through the point(-3,5) with slope é

Solution:

2 31

-18-

Example 4: Find the equation of the line passing

through the two points(-2,3) and (3,4).

Solution:

First we need to find the slope of the line

Now, use the point-slope form to find the

equation of the line.
Y=-%= m(X_ Xi)

Note: You can use either of the given two points

and substitute it into the point-slope form.

1
—4==(x-3
y-4=2(x-3)

_4:_)(__
y 5 5
1 3
==x-24+4

y 5 5

The equation of the line is:

S
55
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Example 5: Find the equation of the line passing through the point(0,b) with slope m.

y=b_ y_—b cross multiply

Y=y, =m(x-x),y-b=m(x-0) or x-0 X
y—b=mx—0,.'. y—-b=mx, ..ly=mx+Db

Slope y - intercept Form of a Line

m=

If a line passes through the point (O, b) with a slope equal to m, then its equation is given by

y =mx+b, where b is the value of the y-intercept at the point (0,b).

Example 6: Find the equation of the line passing Example 8: Find the equation of the line given

through the point (0, 3) with slope 2/5. in the T1 screen below.

Solution: We are given the y-int (0,3)sob =3

and the slope m is equal to 2/5.

y=mx+b
2
ly==Xx+3
y 5
. . Xscl=Yscl=1
Example 7: Find the slope and y-intercept of the ( )
line 2x+3y=6. Solution: From the screen, we can see that

Solution: We need to solve for y to put the x-intercept is (-2, 0) and y-intercept = b = 3.

equation in the slope y-intercept form First, we need to find the slope of the line.
y=mx+b 3-0 3
m= = —
0-(-2) 2
2X+3y=6
3y=-2x+6 Now use the slope y-intercept form
2
y=—3x+2 y=mx+b
2 _ 3
lm=_% —bh= Sly==x+3
m= 3,yim_b_2 y >

e Standard Form of a Line:

* Two lines are called parallel (|)iff (read as “if and only if”) their slopes are equal: I, || I, iffm, =m,,
» Two lines are called perpendicular (L)iff their slopes are the negative inverses of each other, in other

words, the product of their slopes is equal to (-1): I, L1, iffm, = —mi; ie: (my)(m,)=-1
12

-19-
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Example 9: Decide whether the following two lines are parallel, perpendicular, or neither:

2x+3y=6and 3x-2y=1

Solution: First, we need to solve each equation for y and then compare the two slopes.

2x+3y=6:>3y=—2x+6:>y=—2x+2: m”:_%
3.1 3
X=2y=1=2y=3X-1= y=—X—==>|M, ==
y y y 2 2 12 2

m,-m, =-1, .. The lines are perpendicular to each other

Example 10: Find the equation of the line passing through the point (2, -5) and parallel to the line

3X+4y=5.

Solution: We need to find the slope of the given line.
3X+4y=5
4y =-3x+5 \[\::;._H
y:—%x+%, ) m:—% LInE=:?7"

Note: We can use the following short cut to find the slope of any line that is written in standard form:

coefficient of x | 3

~ coefficient of y | 4

If two lines are parallel, then their slopes are equal.

.. The slope of the new line is also _§_

Now, use the given point (2, -5) and the slope and substitute into the point-slope form

y_y1:m(X_X1)
3
+5=——(Xx-2
y 2 (x=2)
3. 3
+95=—=X+—=
Y 4 2
3. 3
=——X+—--5
y 4 2
' 4 2
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Example 11: Find the equation of the line passing through the point (3, 4) and perpendicular to the line
5x—-y=3.

Solution: We need to find the slope of the given line.
5x—y=3

y =5X-3, so /r

Or use the short cut given in the previous example.
_ coefficient of x
coefficient of y

m=-2=5
-1

-+ If two lines are perpendicular, their slopes are the negative inverses of each other.

. The slope of the new line is —1.

Now, use the given point (3, 4) and the slope and substitute into the point-slope form

y=y,=m(x-x)
1
—-4=-=(x-3
y-4=-2(x-3)
1 3
—A=—Zx+=
y 5 5
1 3
=——X+-+4
y 5 5
' 5 5
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Exercises 1.4

Note: If possible, write the equation of each line in slope y-intercept form.

In exercises 1 — 4, find the equation of the line passing through the given point with the given slope.
1) (-13);m=2 2) (3,-2);m=-5

m=2 m=_2
3) (—2,5),m_3 4) (3,4);m= c

In exercises 5 — 8, find the equation of the line passing through the given two points.

5) (-1,3) and (2,-3) 6) (3,—2) and (4,-1)

7) (-2,5) and (4,-5) 8) (3,4) and (1,3)

9) Find the equation of the line passing through the point (-2,5)with a zero slope.

10) Find the equation of the line passing through the point (4,3) with a zero slope.

11) Find the equation of the line passing through the point (5,2) with an undefined slope.

12) Find the equation of the line passing through the point (3,—4) with an undefined slope.

In exercises 13 — 18, find the slope and y-intercept of the given line.

13) 2x+3y =6 14) 5x+4y =8
15) 3x -7y =7 16) 5x -2y =4
17)x=31 18)y=-5
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In exercises 19 — 23, decide whether the given two lines are parallel, perpendicular, or neither.

19) 5x-3y=4 20) 2x—-3y=5 21) 3x+6y=2
3X+5y=1 6x—4y =2 X+2y=5
22) 2x-3y =4 23) 3x+7y=1
4x -8y =3 7X+3y=-2

In exercises 24 — 27, a linear function is defined by Y: and a table of ordered pairs is given. Use the points

to find the slope of the line and y-intercept of the line. Then use the slope y-intercept form to write the

equation of the line.

= 44 = 44
-3 £zl € &
-z HE -z 4.z
-1 .7k -1 X
] : 1 Y
i EEE : 1g
h B lh i
24) =3 25) =3
# 4 R
-2 K} -y 0
= 16 -z ic
-1 i -1 FIC
i ez 1 37
£ £ £ 2ie
£ £ E_ 3
26) =3 27) ==

28) Find the equation of the line passing through the point (—2,3) and parallel to the line 4x+5y =1.

29) Find the equation of the line passing through the point (1,-5) and parallel to the line 2x+7y =3.

30) Find the equation of the line passing through the point (5,2)and perpendicular to the line 3x—y =2.

31) Find the equation of the line passing through the point (-3,—1) and perpendicular to the line
4x -3y =5.

32) Find the equation of the line passing through the point (3,—1)and the midpoint of the line segment

with endpoints (4,-3) and (6,5).
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33) Find the equation of the line passing through the point (1,—2) and the midpoint of the line segment

with endpoints (-5,—2)and (3,6).

34) Find the equation of the line passing through the midpoint of the line segment with endpoints (5,-4)

and (—-3,-2), and perpendicular to the line 7x -2y =4.

35) Find the equation of the line passing through the midpoint of the line segment with endpoints (3,-7)

and (5,-3), and perpendicular to the line 5x +4y = 3.

In exercises 36 — 43, use the given TI screen to find the equation of the line. Assume that Xscl = Yscl = 1.

e -
36) 37)
\\\\ ey
38) 39)
40) 41)
42) l i 43) ‘ l

-24-



Section 1.5 Linear Equations in One Variable

1.5 Linear (First Degree) Equations in One Variable

A linear equation is a statement of equality in which at least one side of the equation contains a first

degree variable (i.e. a linear equation equates two first degree expressions).

The solution to a linear equation in one variable is the set of all values that make the equation a true

statement.

Equations have the following two properties:

1. Addition Property of Equality: Ifa=bthena+c=b+canda-c=b-c

The above property simply says that if you add/subtract a number to/from one side of the
equation, you must add/subtract the same number to/from the other side of the equation to

keep the equation balanced.

2. Multiplication Property of Equality: If a=Db then ac=bc and E:Ewhere c+0

c C

The above property simply says that if you multiply or divide one side of the equation by a
non-zero number, you must multiply or divide the other side of the equation by the same

number to keep the equation balanced.

To solve a linear equation in one variable:

1.

Clear all fractions from both sides of the equation by multiplying both sides by the least

common denominator.
Simplify each side of the equation by using the distributive property and combining like terms.

Move all variable terms on one side of the equation and all constants on the other side. This

can be done by using the addition property of equality.
Simplify each side of the equation by combining like terms.

Now, the equation has the form ax =b. Solve for the variable by multiplying each side of the

equation by the reciprocal of the variable’s coefficient.

Check your answer by substituting the solution into the original equation to verify that the

solution will make the equation a true statement.
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There are three types of equations:

1. Conditional Equation: This occurs when we have a countable number of values at which the

equation is true.

2. ldentity Equation: This occurs when we have infinitely many solutions at which the equation

is true.

3. Inconsistent (Contradiction) Equation: This occurs when we get a false statement, or

contradiction, when we solve the equation. We have no solution at which the equation is true.

Example 1: Solve the following equation: 6(2x—4)—3(x+1) =3(2x+3) -6

Solution: Step 1: Simplify each side completely:
12x-24-3x-3=6x+9-6
9x—-27=6x+3
Step 2: Use the addition property of equality to get all variable terms on one side of the equation
and all constants on the other side of the equation. = 3x = 30
Step 3: Use the multiplication property of equality to solve for the variable. Multiply both sides
of the equation by 1/3 (which is the same as dividing both sides of the equation by 3).
Remember that the division operation is a special case of multiplication.

x =10, we have one solution = .". The equation is conditional.

Note: Due to space limitation, we will not show the steps for checking solutions.

Example 2: Solve the following equation: g(x+5)+l = E(Zx—3)+1+l
3 6 2 12
Solution: g(x+5)+1:§(2x_3)+1+1
3 4 6 2 12

We can see that the LCD is 12, so we multiply both sides of the equation by 12.

12 g(x+5)+1 =12 §(2x—3)+1+1
3 4 6 2 12

8(x+5)+3=10(2x-3)+6+7
8x+40+3=20x-30+13
8x+43=20x-17

60 =12x

x =5, we have one solution = .. The equation is conditional.

Example 3: Solve the following equation: 5(x—2)—-3(2x+1) =3(x—3)—-4(x+1)
Solution: 5(x—2)-3(2x+1) =3(x-3)—-4(x+1)
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5Xx-10-6x—-3=3x-9-4x-4

—x—13=—-x-13 (A true statement; we can stop here.)

0 =0 (A true statement)

.. The solution is the set of all real numbers which is a set of infinitely many real numbers.
.. The equation is called an identity.

Example 4: Solve the following equation: 3(2x-5)+2(3x-1) =4(3x+1)+7
Solution: 3(2x-5)+2(3x-1) =4(3x+1) +7

6X—15+6x—-2=12x+4+7

12x-17=12x+11

—17 =11 (This is a false statement, so we can stop here.)

0 = 28 (false statement), .. There is no solution to the given equation.
The equation is called inconsistent or contradiction.

Solving equations using T1 83/83+, T| 84+:

There are several methods to solve equations using graphing calculators. Here, we will demonstrate how
to solve the equations using the T1 84+ calculator. When we mention the T1 84+, the same commands also
apply to the T1 83, TI 83+, T1 83+ silver edition, and T1 84+ silver edition.

Example 5: Solve the following equation: 3(2x—5)+1=4(3—-x)+4

Solution - Method 1: The Intersection Method.

Let the left hand side of the equation equal to Y, and the right hand side of the equation equal to Y,
~Y,=3(2x-5)+1 and Y,=4(3-x)+4
Enter the above two functions in your T by pressing the following key: . You’ll get a screen called

the function editor (screen (a) on the next page). Enter both functions as shown above.

Press|ZOOM| |6: ZStandard| (screen b). Now you will see screen (c) in your TI. Press

|2nd| |CALC] |5: intersect| 5 as shown in screen (d). The calculator will ask for the first curve (screen

(e)). Press|ENTER|. Cursor will move to the second curve and the calculator will ask for second curve

(screen (f)). Use the up/down arrow if you have more than two graphs. In our example you can simply

press and you will get screen (g). For the prompt “guess”, simply press one more
time. Now you’ll get screen (h). At the bottom of screen (h) you’ll see the x-coordinate and y-coordinate
of the point of intersection.

The x-value is the solution to the given equation since it is the value at which the two lines Y, and Y, are

intersecting. Therefore, ignore the value of Y.
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Note: If you have only two lines, simply press| ENTER | three times and you’ll get the answer.

Solution - Method 2: The x-intercept (Root or Zero) Method.

For the equation 3(2x —5) +1=4(3—x) + 4, first write the equation in standard form by simply having a

zero on one side of the equation. Press and let Y, =3(2x —5) +1-4(3—x) —4, (see screen (a)).

Now, press|GRAPH |and you’ll get the graph shown in screen (b). Press|2nd| [CALC| [2: zero| as

shown in screen (). You’ll get the prompt “Left bound?”” shown in screen (d). Move the cursor anywhere

to the left of the x-intercept and press|[ENTER|.You’ll get the prompt “Right Bound?”” shown in screen

(e). Move the cursor anywhere to the right of x-intercept and press| ENTER | one more time. For the

prompt “guess” in screen (f), press [ENTER] or first move the cursor close to the x-intercept, then press

ENTER| . Now you’ll get screen (g). The value of x-intercept is shown at the bottom of the screen. This

is the solution to the given equation.
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Solution - Method 3: Using the Built-in Function “Solver”.

For the equation 3(2x—5)+1=4(3-x)+4, first write the equation in standard form by simply having a

zero on one side of the equation. Press [MATH]| [B: Solver| [ENTER], as shown in screen (a) below (or

you can simply press|[MATH] [ALPHA] [B]directly). Now, you will get screen (b). If you have any

previous equation in your TI solver, use the up arrow A until you see the old equation and press clear.
Enter the equation you want to solve in your TI solver, as shown in screen (c), and press|[ENTER]. You’ll

get screen (d) as shown. Now, the cursor is blinking on an old value of x, either enter a guess for the

solution to the equation (you’ll do this if you have more than one solution to the equation and you have an

idea about the solutions) or press the green buttons| ALPHA | [SOLVE|. The SOLVE is above the

ENTER | button. Now, you will get screen (e) , on that screen, you will see that the cursor is blinking on

the value next to x. This is the solution to the given equation.

Note: To find Solver using the T1-83 graphing calculator press [MATH] [0: Solver| |[ENTER]

g HUM CPH PEE ERGUATICH SOLMNER ERJATION SOLVER
ine 2Ny A= eqnt A= 2R-00+1-
rifHMaxe g 3-H1—d
ginberive
A frhiInt
Bizummation ¢
A: 103BASE?"
(a) HEaluwer... (b) (C)
JL2E-Sx+1-403 . =A JL2H-Sa+1-403. =A
A=2.97E7 259 mH=3
bound=<-199.1.. bound=4-159.1..
w ] eft—rt=H

(d) (e)
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Note: You can see that Solver gives answers to an equation one at a time. We don’t recommend using it if
you know that the equation you are solving has more than one answer. Solver is usually used in special
cases called “What if”. We will demonstrate this later when we introduce the compound interest formula,
continuous interest formula, and half-life formula in chapter five.

Note: The idea of using a graphing calculator in our course is to show that graphical and analytical
solutions should go hand in hand. Sometimes it is a waste of time and effort to solve certain examples

analytically. We will demonstrate this using the following example:
Example 6: Solve the equation: —1.5(6 +v/27X) + {15 =10+.25(27x — 6.1)

Solution: We will solve this equation by using the intersection method. Notice that the T1-84 doesn’t
wrap the text in the function editor. To clarify how to type each side of the equation in example 6, press

the following key strokes exactly as shown next to type Y1 and Y2 in the function editor:

v, = [l 15 ([ 2nd] x* [2]2nd[AJe [ 7 [MATH]5: [a]s]
Y, = 10]+].12]5] (2] 2nd[[A ] x]-]6].[2])]

Flotl Flatz Flots MEMORY ;F;]!!EE;]I: =1 ECR+ IZ IR+ P I1E
“piBeL.Sterlzmd 15 SEEN 1y izern. ,,
:EEEIE""ES':EHK_" 31 Zoom Qut Itmininum

W= 4: F0ecimal 42 maximumn

W G | i

YE= 2T+i3 FEIF Codx AR YT

'52=:|.III+.25IZE -6.1) '|;lE=il:l+.25lZE -6.1] “ >(.-"

)

Sgcond Curyet x GUE5s? \i X Inksrseckion x
n=n IY=B.47E H=0 Y=H.N7E W=-Zaiskg |Y=: FEAEZAS

The solution is|x ~ —=3.002]|. You only take the x-value and ignore the y-value in the last screen.

Note: In typing the expression~/2zx, we typed [2nd]v/ [2][2nd]z]>]x]. Notice that when we typed the

expression, we used the right arrow B to move the cursor out of the radical symbol before typing x.

Note: To find any higher root like {2z as an example, first press the index 7 followed by

MATH] [5: ¥/ | then type the radicand 2z followed by |[ENTER|. If you have a T1-83 graphing

calculator, make sure to enter the radicand in parentheses especially when the radicand has more than one

factor. The complete T1-83 key strokes are as follows: 5: ([2]2nd]z]) [ENTER].
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Exercises 1.5

In exercises 1 — 14, solve the given equation analytically.

1) 7(x-1)=4(x+2)

3) —4(2x-6)=-3(x—4)+2
5) —2{4(x+3)-5[3x—2(2x+7)]-8} =—-20x-12
6) -3(6—4x)= 4—{5x—[6x—(4x—(3x+ 2))]}

7) X+3+ 2x—1:
4 3

16

9) 0.2(x-25)=1.3x+0.3(x+2)
11) -[4-(x-2)]=2(x-1)-x

13) 6(x—1)=-3(2—x)+3x

2) x—(x+4)=2x+4(x-1)

4) 4{2-[3(x+1)-2(x+1)]} =-2x

8) x—2_x—3
3 4

ol

10) 4x+12-8x=-6(x—2)+2x
12) 3(x+3)—4(2x—7)=-5x+2

14) 4(2-3x)=—[6x—(8-6x)]

In exercises 15 — 18, use a graphing calculator to solve each equation by using two methods:

(a) The intersection method (b) The x-intercept (zero or root) method

15) 0237 +1.23(3x—4) =37 +2.78(x 123
16) 5.737-4.12(2x+3)={/1247 ~5.12(3x~~/7.26)

17) 2x—4.3(3.12x+$/§) = 5/@—1.73(2“@)

18) 5.6x+ 2.54(3x—<‘/9.27r) =437+ 5.4(x + x/l_l)
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1.6 Linear Inequalities in One Variable

If we are given two numbers a and b and asked to plot the two numbers a and b on a number line, then

either a is to the left of b, a and b are equal, or a is to the right of b as shown below.

a b

a) If a is to the left of b, we say that “a is less than b and write a <b.

b) If a is to the right of b, we say that “a is greater than b and write a > b.

c) If ais at the same location as b, we say that “a is equal to b and write a = b.

If a is either less than or equal to b, we writea <b and say that “a is less than or equal to b.

Similarly, a>b means that a is either greater than or equal to b.

The symbols <, >, <, and > are called inequality symbols.

Note that a < b and b > a mean the same thing. It does not matter whether we write 2 <3 or 3 > 2.
Furthermore, if a < b or if b > a, then the difference (b—a) is positive.

Statements of the form a < b or b > a are called strict inequalities. Whereas statements of the forma <b
or b >a are called non-strict inequalities. An inequality is a statement in which two expressions are

related by an inequality symbol.

Based on the discussion so far, we conclude that:
a >0 is equivalent to a is positive
a<0isequivalent to a is negative
We sometimes read a > 0 by saying that “a is positive.” If a > 0, then either a > 0 or a = 0, and we

can read this as “a is nonnegative.”
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Writing Inequalities in Set-Builder Notation or Interval Notation:

Solution set represented Solution set indicated Solution set represented

in set builder notation on a number line in interval notation
{x|x>a} e 132 el - (a,)
{x|x>a} ey [a,0)
{x|x<a} —— (—o,a)
{x|x<a} — (—,a]
{xJa<x<b} ———— e — 7b8 —— (a,b)
{x]a<x<b} e 1a2 m— 7b8 I [a,b]
{x]a<x<b} —————— 7b8 — (a,b]
{xJa<x<bj —— 1a2 — 7b8 —— [a,b)
{x|x <3} - —— (—0,3)
{X|x>5} e — (5,)
{x]2<x<6} e C—— (2,6]
{

2109 -8-7-6-5-4-32-10 123456 7 8 9 10

Linear (First Deqgree) Ineqgualities in One Variable:

An inequality is a statement in which two expressions are related by an inequality symbol and at least one
side of the inequality contains a first degree variable. In other words, an inequality compares two first
degree expressions. The solution to a linear inequality in one variable is the set of all values that makes
the inequality a true statement. Inequalities have the following two properties (we will use the inequality
symbol < for all properties. These properties also apply for all other symbols of inequalities).

Addition Property of Inequalities:

|If a<b and c is a real number, thena+c<b+c anda—c<b—c|

The above property simply says that if you add a number to one side of the inequality, you must add the
same number to the other side of the inequality. Similarly, if you subtract a number from one side of the

inequality, you must subtract the same number from the other side of the inequality.
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Multiplication Property of Inequalities:

1) [If a<b and c is a positive number, then ac < bc and %< %

The above property simply says that if you multiply or divide one side of the inequality by a positive

number, you must multiply or divide the other side of the inequality by the same number.

2) [If a<b and c is a negative number, then ac > bc and a. b
cC ¢

The above property simply says that if you multiply or divide one side of the inequality by a negative
number, you must multiply or divide the other side of the inequality by the same number and you must
change the direction of the inequality (sense of inequality).

To solve a linear inequality in one variable:

1. Clear all fractions from both sides of the inequality by multiplying both sides by the least
common denominator.

2. Simplify each side of the inequality by using the distributive property and combining like
terms.

3. Move all variable terms on one side of the inequality and all constants on the other side. This
can be done by using the addition property of inequalities.

4. Simplify each side of the inequality by combining like terms.

5. Solve for the variable by multiplying each side of the inequality by the reciprocal of the
variable’s coefficient. Remember, if you multiply or divide by a negative number; you must
change the direction of the inequality.

Note 1: If you get a true statement, the solution to the inequality will be the set of all real numbers. To
graph the all real numbers solution, graph a number line and shade the whole line.
Note 2: If you get a false statement, the inequality has no solution (or you can write “empty set” or “null

set”). To graph the empty set solution, graph a number line but do not shade it.

Example 1: Solve the following inequality: 4(x—2)+5>2(x+1)-3
Solution: 4(x-2)+5>2(x+1)-3

4x-3>2x-1

2X> 2

x>1

Set Notation Solution: {x |x>1}
Interval Notation Solution: (1,)
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Example 2: Solve the following inequality: —11x—(6x—4)+5>3x+1
Solution: —11x—(6x—4)+5>3x+1

-17x+9>3x+1

-20x>-8=> xsi: xsE
20

5
: i 2 i . 2
Set Notation Solution: < x| x < = Interval Notation Solution: —oo,g

Example 3: Solve the following equation and its related inequalities:

a) $/8+1.56(2x —1.737) +2.45=2.3(3/7 —1.15x) + 3
b) $/8+1.56(2x—1.737) +2.45> 2.3(3/7 —1.15%) + 3
c) §8+1.56(2x—1.737)+2.45<2.3(3/7 -1.15x) +3

Solution: We will solve the example by using two methods, the intersection method and x-intercept (zero
or root) method.

First Method: Intersection method:

Enter the left side of the equation in your Tl as Y, and the right side as'Y,, . For clarity, we changed the
line type of Y, to a thick line.
Notice that the first screen doesn’t show the whole algebraic expressions of Y, and Y, . To type both

properly, press the following key strokes exactly as shown next in the function editor of your TI.

Y, =[6][MATH]5: ¥ |8]>]-+]1].]5]6] (2] x]-]].]7]3[2nd] A])]+]2].]4]5]

Y, =[2[[3[([MATH]4: & ([7]=]=]a] Jl5]x])[+]3]

Flatl Flotz Flots MEMORY F]!!{j!}]lg NI TB+L ERLER-1. 73 E
E ] ]
N + —k fsbBox tualue
VB B+ SE 020 Zi5onn Ih 3t vera
B2, 30F-1. 154 [3:F0om Out Ztminimun
wNa= diZ0ecimal L HIUEES R
w=Ny= o 25auare intersect
wNe= cotandard A P R b FiFet cLUFwes
“NE= ZTrig FarfCxads = V=4 614317
WESZHEITICL AR NE=E IR 3 , \v
Second curveT Etc-:-n-:lcur".'t" Inkerseckion x
= FETEES 355?&1? =i Firs ?355?“? ¥=E.0Bz9e% ¢ [v=1.BB7654z

a) From the last screen, the solution to the equality is |X =~ 2.084
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b) The inequality asks for the interval where the thin line Y, is equal to or above (higher than) the thick
line Y, . From the last screen, the interval is [2.084, ).

c) The inequality asks for the interval where the thin line Y, is equal to or below (lower than) the thick

lineY, . From the last screen, the interval is (—«,2.084].

Second Method: x-intercept (zero or root) method:

First, write the equation in standard form by moving all terms on the right side of the equation to the left
hand side of the equation (remember to switch the sign of the coefficient of any term you move to the

left). After writing the equation and its related inequalities in standard form we get the following:

a) $/8+1.56(2x—1.737) +2.45-2.3(3/7 =1.15x) —3=0
b) $/8+1.56(2x—1.737)+2.45—2.3(3/7 -1.15x) -3>0
c) $/8+1.56(2x—1.737)+2.45—-2.3(37 -1.156x)-3<0

Enter the nonzero side of the equation in your Tl as Y,. Below, we are showing the key strokes needed to

type the nonzero side. Due to space limitation, this time we wrote each coefficient as one string instead of
showing each number as in the first method.

~

Y, =[6|MATH]|5: ¢/ [8]-]+][L.56]([2x]-[[L.737[)[+]2.45]-[[2.3[([MATH]4: I

7]l -J1.15x])| ]3]

Make sure to use |6: ZStandards| for the T1 window.

Flotl Flokz Flokz MEMORY |
:mg [8+1. 96025 (315000 14, / zer
W= St Zoom Out. fmindmam
WMy = 4: Z0ecimal 41 maximum
W= S5 2o are Jf intersect
W= ot andard x| [Efdardx
ZTrig R P i
Partial TI-84+ screen press[Zoom][6] press [2nd|TRACE|2: zero|
11=E=TB+LEGEN-1 P32 11=E=TB+LEGEN-1 P32

Left Bound? [/ %
“=a

For the LB, either move cursor to the left of the x-intercept then press |[ENTER|, or enter@ ENTER
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Section 1.6 Linear Inequalities in One Variable

1=E4 TR+ L EBEEN-1 I+ 2 =6 TR+ L EBEN-1 I+ E
Fidhk Eaund? l/ x Fidht Eound? [/ p
] vz -1z.01405 “w=a

For the RB, either move cursor to the right of the x-intercept then press |[ENTER|, or enter |5|ENTER

'L1=E“-I'E*-:I..EEIZEH-:I..??‘HIH-E_

GUEssT x 20 x
n=k ¥Y=16.810942 H=c.08z965 IY=0
For the Guess prompt, press |[ENTER x-intercept (zero or root) is x ~ {2.084}

a) From the last screen, the solution to the equality §/8 +1.56(2x —1.737) + 2.45— 2.3(3/7 —-1.15x)-3=0

is [x~ 2.084]

b) The inequality $/8 +1.56(2x —1.737) +2.45— 2.3(%/7 —1.15x) —3>0 asks for the interval at which the
line Y, is equal to zero or positive (higher than the x-axis), from the last screen we can see that the line

is equal to zero or higher than the x-axis when x is greater than or equal to 2.084.
Therefore, the interval is [2.084,x).

c) The inequality &8 +1.56(2x —1.737) +2.45— 2.3(%/7 —1.15x) —3<0 asks for the interval at which the
line Y, is equal to zero or negative (lower than the x-axis), from the last screen we can see that the line

is equal to zero or lower than the x-axis when x is less than or equal to 2.084.
Therefore, the interval is (—,2.084].
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Exercises 1.6

In exercises 1 — 6, change to interval notation.

1) {x|x<2} 2) {x|x>-3}

4) {x|x<4} 5) {x|]-6<x<1}

In exercises 7 — 14, change to set notation.

3) {x|x>-5}

6) {x|2<x<9}

7) (—,2) 8) (-2.5) 9) [-5,4] 10) (-2,3]
11) [5,x) 12) (-o0,0] 13) (3,) 14) [0,7)
In exercises 15 — 28, solve the given inequality analytically.
15) 7(x-1)<4(x+2) 16) x—(x+4)<2x+4(x-1)
17) —4(2x-6)>-3(x-4) 18) 4{2-[3(x+1)-2(x+1)]}>-2x
19) —2{4(x+3)-5[3x—2(2x+7)]-8} <-20x-12
20) -3(6-4x) <4-{5x—[ 6x—(4x—(3x+2))
gqy X+3,2X71 44 g9y X=2_x=3_1

4 3 4 76
23) 0.2(x—25)>1.3x+0.3(x+2) 24) —4x+12-8x>—6(x—2)+2x
25) —[4-(x-2)]<2(x-1)-x 26) 3(x+3)-4(2x-7)<-5x+2
27) 6(x-1)>-3(2-x)+3x 28) 4(2-3x)=—6x—(8—6x)]
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In exercises 29 — 31, use your graphing calculator to solve the given equation and its related inequalities.

29. (a) 0.257 +5.23(2x~5) = Y27 +2.23(x~/2.3)
(b) 0.257 +5.23(2x ~5) < {27 +2.23(x /2.3
(c) 0.257 +5.23(2x~5) = /27 +2.23(x /2.3

30. (a) 2537 -313(3x~7)=4/2.347 —2.13(2x—5.37 )
(b) 2537 ~3.13(3x~7) > /2347 - 2.13(2x~5.37)
(c) 2537 -313(3x~7) <4/2.347 —2.13(2x—/5.37

31. (a) 2.45x—5.24(1.54x+§/2.37z)=E/4.57z —3.63(3x+\/4.57)
(b) 2.45x —5.24(1.54x + ﬂz.sﬂ) <%45x —3.63(3x + \/4.57)
(C) 2.45x —5.24(1.54x+ é/z.azz) > 3457 —3.63(3x + \/4.57)

In exercises 32 — 35, refer to the graph of the linear function y = f (x)and answer the following:

a. f(x)=0, b. f(x)>0, c. f(x)=0, d. f(x)<O0, e. f(x)<O0; Write your answers in set notation.

\ f—rT
\ ]
ZEF ZEFD
32) L#=n V= 33) [h=eE =i
_\_\_\-\_\-\_\_\-‘_"\-n_-\_-
sq) [ b 35) [ e
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1.7 Applications

Formulas: A formula is an equation that contains two or more letters. To solve for a letter in a formula

simply consider all other letters as constants and follow the steps for solving equations.

Example 1: In the formula 1:1+1, solve for x.
Z X Yy

Solution: 1 = 1+1 multiply every term by the LCD xyz.
zZ Xy

Xy = yZ + Xz, isolate the terms that contain x.
Xy — Xz = yz, factor out x.
x(y—z)=yz, divide by the coefficient of x.

yz
y—-12¢

X =

Direct Variation: A variable y varies directly as another variable x

, where Kk is called the constant of variation

(i.e. As x increases, Y increases. As x decreases, y decreases.)

Example 2: Write a formula for the following: y varies directly as the square root of x.

Solution: y = k/x

Example 3: y varies directly as the square of x. If y is 400 when x is 4, find the value of y when x is 3.

Solution: 1. First write the formula: y = kx*

_ 400 _

2. Use the first set of given values to solve for k= 400 = k(4)* =16k, ..k 25

3. Substitute the second set of given values and the value of k you already found in step 2 in
the formula you got instep 1= y=kx = (25)(3)2 =(25)(9)=225
Note: Most of the applications in this section follow the model

Simple Interest Formula:

I =P-r-t, where | is the interest, P is the principal (include money invested or borrowed), r is the interest
rate, and t is the time in years.
I = P-r, when the time is just one year.
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Example 4: You invested $10,000 in two accounts. The first account pays an 8% annual interest rate and
the second account pays a 6% annual interest rate. If the total interest after one year is $720; how much
did you invest in each account?

Solution: If we assume that the amount of money invested in the first account is x, then the amount of
money invested in the second account must be (10,000 — x). The interest from the first account only
should be the product of the principal and the interest rate, that is 0.08x. Similarly, the interest from the
second account should be 0.06(10000 - x). If we add both interests, we should get the total interest which

is $720. To organize our work, we can arrange all the given values in a table as follows:

P b |
Account 1 X 0.08 0.08x
Account 2 | 10000—x | 0.06 | 0.06(10000 — x)
Total 10000 | >< 720

The equation can be written from the last column: 0.08x +0.06(10000 — x) = 720

We solve the equation using the following steps:

0.08x+0.06(10000—x) =720

0.08x+600-0.06x =720

0.02x =120

x =6000

.. $6000 was invested in the 8% account and $4000 was invested in the 6% account.
Note: If you prefer, you can eliminate all decimals by multiplying the equation by 100, but the equation is
simple enough to solve without doing that.

Mixing Solutions Problems: We can use any three letters to introduce this type of problem. For clarity,

we will use three letters that will relate to our problem.

[Q=A-r], where Q is the quantity (or volume), A is the amount,

and r is the concentration (percentage)
Example 5: A 20% alcohol solution is mixed with an 8% alcohol solution to obtain 30 liters of a 12%
alcohol solution. How many liters of the 20% solution and the 8% solution are in the 12% solution?
Solution: If we assume that the amount of the 20% alcohol solution is x, then the amount of the 8%
alcohol solution must be (30 — x). Therefore the amount of pure alcohol in the 20% alcohol solution must
be the product of the amount and the percentage, that is 0.20x. Similarly, the amount of pure alcohol in
the 8% alcohol solution is 0.08(30 — x). Also, the amount of pure alcohol in the mix should be 0.12(30).
This amount must be equal to the sum of the amounts of the pure alcohol in the 20% and the 8% alcohol

solutions. If we arrange these values in a table as before, we get the following table:
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A ro =+ Q

20% solution X 0.20 0.20x
8% solution 30-x 0.08 | 0.08(30-x)

12% solution 30 0.12 (0.12)(30)

We see that our equation is written from last column: 0.20x +0.08(30— x) =0.12(30)

We solve the equation using the following steps:

0.20x +0.08(30 — x) = 0.12(30)
0.20x + 2.4 —0.08x = 3.60

0.12x =1.20
‘= 1.20 _ 10
0.12

.. 10 liters of the 20% solution and 20 liters of the 8% solution are in the 12% solution.

Mixing Problems: Again, we can use any three letters to introduce this type of problem. For clarity, we

will use three letters that will relate to our problem.
V = A-C|, where V is the value, A is the amount, and C is the cost per unit

Example 6: A pound of cashews costs $9 and a pound of almonds costs $6. A mix of forty-five pounds of
cashews and almonds costs $8 per pound. How many pounds of cashews and how many pounds of
almonds are in the mix?

Solution: If we assume that the amount of the cashews is x, then the amount of almonds must be (45 — x).
Therefore the total value of cashews is 9x. Similarly, the total value of almonds is 6(45 — x). Also, the
total value of the mix must be (45)(8). This value must be equal to the sum of the values of almonds and

cashews. If we arrange these values in a table as before, we get the following table:

A b C & Vv
Cashews X 9 9x
Almonds 45—x 6 6(45-X)
Mix 45 8 (8)(45)

We see that our equation is written from the last column: 9x+ 6(45— x) = 8(45)

We solve the equation using the following steps:
9x +6(45— x) =8(45)
9x+270-6x =360
3x:90—>x:%:30
3
.. 30 pounds of cashews and 15 pounds of almonds are in the mix.
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Economics Problems: We will introduce a very basic economics problem. In this example we assume

that whatever is produced is sold.

e The Cost Function = Total Cost = Fixed Costs + Variable Costs, where variable costs are the number of
units produced multiplied by the cost per unit, and the Fixed Costs are the overhead expenses.

¢ The Revenue Function = Total Revenue = number of units sold multiplied by the selling price per unit.

If we assume that we produce x units and sell all of them then:
C(x) =fixed costs + variable costs
R(x) = p(x) - x, where p(x) is the selling price.

e Therefore the profit should be the difference between the total revenue and the total cost.
Total profit = P(x) = R(x) —C(x)

The Break-Even Point is the number of units x that are produced and sold such that the profit is equal to

zero. This will occur when the total revenue is equal to the total cost.
Break-Even Point: R(x)=C(x) or R(x)—C(x)=0, solve for x

Example 7: Tom bakes cakes and sells them at county fairs. His initial cost for the Orange county fair
was $50.00. He figures that each cake costs $2.50 to make, and he charges $7.50 per cake. Find the cost
function, the revenue function, the profit function, and the break-even point.

Solution: Let x be the number of cakes baked and sold.

Cost Function = C(x) =50+ 2.50x
Revenue Function = R(x) = 7.50x
Profit Function = P(x) =7.50x — (50 + 2.50x) = 5x —50

Break-Even Point: P(x) =0=5x-50 —

.. Tom must bake and sell 10 cakes to break even.
Example 8: Mary runs a copying service and she charges 3 cents per copy. The cost of the copy machine
is $4500, the cost of a life time maintenance service is $2500, and the cost of making a single copy is 1
cent. Find the cost function, the revenue function, the profit function, and the break-even point.
Solution: let x be the number of copies made.

Cost function = C(x) = 4500 + 2500 + 0.01x = 7000 + 0.01x
Revenue Function = R(x) = 0.03x

Profit Function = P(x) = 0.03x — (7000 + 0.01x) = 0.02x — 7000
Break Even Point: P(x) =0=0.02x — 7000

X = 350000

.. Mary must make 350,000 copies to break even.
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Exercises 1.7

In exercises 1 — 4, solve the formula for the given variable.

1) 1:l+£+1;solvefory 2) i:1+1+1;solveforx
w X y z w X 'y zZ
3) 2)(_5=3X2+4;Saolveforx 4) 3;+1=2X_3;30|Vef°rx
y y

5) L varies directly as M. If L is 30 when M is 10, find L when M is 5.

6) Y varies directly as X. If Y is 25 when X is 0.5, find Y when X is 10.

7) You invested $5,000 in two accounts. The first account pays a 4% annual interest rate and the second
account pays a 3% annual interest rate. If the total interest after one year is $180, how much did you
invest in each account?

8) You invested $7,000 in two accounts. The first account pays a 5% annual interest rate and the second
account pays a 4% annual interest rate. If the total interest after one year is $330, how much did you

invest in each account?

9) An 18% alcohol solution is mixed with a 12% alcohol solution to obtain 24 liters of a 14% alcohol

solution. How many liters of the 18% solution and the 12% solution are in the 14% solution?

10) A 30% alcohol solution is mixed with an 18% alcohol solution to obtain 12 liters of a 22% alcohol

solution. How many liters of the 30% solution and the 18% solution are in the 22% solution?

11) How much pure acid should be added to 10 liters of 40% acid solution to increase the concentration to
50% acid?

12) How much pure acid should be added to 10 liters of 44% acid solution to increase the concentration to
65% acid?
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13) A pound of cashews costs $6 and a pound of almonds costs $2. A mix of sixty pounds of cashews and
almonds costs $4 per pound. How many pounds of cashews and how many pounds of almonds are in

the mix?

14) A pound of cashews costs $8 and a pound of almonds costs $2. A mix of forty pounds of cashews and
almonds costs $6 per pound. How many pounds of cashews and how many pounds of almonds are in

the mix?

15) A coin bank has 20 coins in quarters and dimes. If the total value of the coins is $3.65, how many

quarters and how many dimes are in the coin bank?

16) A coin bank has 27 coins in quarters and dimes. If the total value of the coins is $5.70, how many

quarters and how many dimes are in the coin bank?

17) Gabriel bakes cakes and sells them at county fairs. His initial cost for the Orange County Fair was
$200. He figures that each cake costs $4.50 to make, and he charges $7.00 per cake. Find the cost
function, the revenue function, the profit function, and the break-even point.

18) Dara bakes cakes and sells them at county fairs. Her initial cost for the Orange County Fair was $280.
She figures that each cake costs $4.00 to make, and she charges $7.50 per cake. Find the cost function,

the revenue function, the profit function, and the break-even point.

19) Dominic runs a copying service, and he charges 5 cents per copy. The cost of the copy machine is
$3600, the cost of a life time maintenance service is $1500, and the cost of making a single copy is 2

cents. Find the cost function, the revenue function, the profit function, and the break-even point.
20) Lora runs a copying service, and she charges 6 cents per copy. The cost of the copy machine is $5000,

the cost of a life time maintenance service is $2000, and the cost of making a single copy is 2 cents.

Find the cost function, the revenue function, the profit function, and the break-even point.
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Answers — Exercises 1.1

1. N={7}, W={0,7}, Z ={—10,—%,0,7}, Qz{—lO,—%,O,?}, H={V2,e},

R: {_10,_%;01\/§|e|7}

[EEN

,ﬁ,ﬁ}

110
3'6

3. N=¢, W=¢, Z=¢, Q={-5.6,-2.5,0.1,1.25}, H = {Jﬁ} R:{—s.a,—z.s,o.l,l.zs,ﬁ}

4, N:{E}, W=, , Z:{E}, Q:{—o.é,—,o.m.ﬂ,ﬁ}, H= ¢, R:{—O.E,E,OJ,L@,E}
2 2 2 7 2 7 2

5. N=¢, W=¢,7Z ={—\/2_5,—3},Q={—@,—3,—1.25,%}, H =7, R={—«/ﬁ,—3,—1.25§,ﬁ}

(2]

N=¢, W=¢, Z:{—g},@ ={—4.25,—%,0.125,0.1,0.5_6}, H=¢,R
6 _ —
= {—4.25, -:0125,04, 0.56}

70  8)-7 9)% 10)-1  11)10  12)-4.75 13)% 14)-5  15)2.25

-4.75 1225 8
2 3
7-15 = -oe——t+—+—o— ::‘/: —t—e =\‘:: ::":/ ——————————+———> 0
-0 9 8 7 6 5 4 3 -2-1 0 1 2 3 4 5 6 7 8 9 10
1
35 2 4 2 25
16 -23 = —wo - +o—-o——o > 0

10

[ J
(o)}
~+
o0}
o

109 8 7 6 5 4 -3 2-1 0 1 2 3 4
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9.

Answers to Chapter 1 Problems

Answers — Exercises 1.2

1-4 5-8

u o : o u I-l:l:l.ll'l:l

=Bl
e gt

-] 3
(=210 (=2

10 10. 13 11. (-5, 5), (11, 5) 12. (-4, -4), (20, -4) 13. (-2, 1), (-2, -7)

14. (3, -4), (3, 8) 15. (4, 1) 16. (-1, 4) 17.a=11,b=-13 18.a=8,b=-1

8.

9

Answers - Exercises 1.3

. Function, Domain = {-1, 0, 3, 7, 10}, Range = {-4, 2, 3, 5, 10}

. Function, Domain = {-2, -1, 3, 5, 7}, Range = {1, 2, 4, 5, 9}

. Function, Domain = {-5, 0, 1, 3, 6}, Range = {2}

. Function, Domain = {-3, -1, 3, 5, 7}, Range = {1}

. Not a function, Domain = {-6, -3, 0, 5}, Range = {-4, -1, 1, 4, 6}
. Not a function, Domain = {-4, 1, 3, 6}, Range = {-1, 2, 4, 5, 8}

. Function, Domain = {-5, -2, 0, 1, 4, 5}, Range = {-3, 2, 3, 4}
Function, Domain = {-5, -2, 0, 2, 4, 5}, Range = {-5, -3, 2, 3, 4}

. Not a function, Domain = {-3, 1, 2, 3, 4}, Range = {-4, 2, 3, 4, 5}

10. Not a function, Domain = {-4, -3, -1, 2, 3}, Range = {-4, -3, 2, 3, 4, 9}

1

1. Function, Domain =[-3,4], Range=|0, 3]

12. Function, Domain=[-2,2], Range=]0,2]

1

3. Not a function, Domain=[-5,5], Range =[-5,5]

14. Not a function, Domain=[-3,3], Range =[-3,3]

1

5. Not a function, Domain=[-4,4], Range =[-3,3]
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16. Not a function, Domain=[-5,5], Range =[-2,2]
17. Not a function, Domain=[-3,3], Range =[-5,5]

18. Not a function, Domain=[-1,1], Range =[-4,4]

19.10 20.-13 21.2 22.-11 23. 4 24. 3

25.8 26. 17 27.8 28. 5/7 29.-7/6 30. zero
31. Undefined 32.1 33.2/3 34.3/2 35. -2 36. -3/4
37. zero 38. zero 39. undefined 40. undefined

Answers - Exercises 1.4

2 19 2 26
1. y=2x+5 2. y=-5x+13 3. y==X+— 4, y=——X+—
y y Y 3 3 y 5 5

5 5 1 5

5 y=-2x+1 6. y=x-5 1. Yy=——X+— 8. y==X+—

y y y 3%73 y 5 X5
9.y=5 10. y=3 11. x=5 12. x=3
13.m=—g,b:2 14.m=—§,b:2 15.m=§,b=—1

3 4 7
16. m= g b=-2 17. Slope is undefined, no y-intercept
18. m=0,b=-5 19. Perpendicular 20. Neither
21. Parallel 22. Neither 23. Neither
3 3 1
24, y=——x+3 25. y=——x+3 26. y==X+2
y 4 y 5 y 5
3 4 7 2 33
27. y=—x+3 28. y=——X+— 29. y=——X——
4 Y75 =773
1 11 3. 13
30. y=—=X+— 3l. y=—-Xx—-— 32. y=x-4
y 3 3 y 4 4 y
2 19 4 41
33. y=-2x 34, y=—=x-— 35, y=—x—-—
y y 7 7 y 5 5
3 3
36. y:Zx+3 37. y:§x+3 38. y=—x+5
3
39. y:—gx+3 40. y=3 41, y=-2
42. x=4 43. x=-3
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1.5

4. 2

7. 17

10. Identity, all real numbers
12. Contradiction, no solution
14. Identity, all real numbers
15. -4.3804

17. -0.52585

10. {x]-2<x<3}
13. {x|x>3}

16. x>0
19. x< 68
22. x<1

25. R
27T.R

29.a) x=2.8465 b) x<2.8465

Answers - Exercises 1.5

2. 0
5. 68
8.1

Answers - Exercises 1.6

2. (-3,)

5. (-6,1]

8. {x|-2<x <5
11. {x|x>5}
14. {x|0<x <7}

17. x<12/5
20. x<?2
23. x<-4

C) X > 2.8465

30.a) x=4.5989, b) x <4.5989, c) x > 4.5989
31.a) x=0.1229, b) x<0.1229, ¢) x> 0.1229

32.a) x={4}, b) {x|x<4},

33.3) x={2.5}, {
34.a) x={3}, b) {x|x<3},
x={ {

35.a 5}, b) {x|x>5},

b) {x|x>25},

¢) {x|x<4}, d)

c) {x|x=25}, d)
c) {x|x<3}, d)
¢) {x|x=5}, d)

Answers to Chapter 1 Problems

3.2

6. 2

9. 4
11. Contradiction, no solution
13. Identity, all real numbers

16. 1.3158
18. 3.2407
3. [-5,%)
6. [2,9)
9. {x|-5<x<4}
12. {x|x<0}
15. x<5
18. x<2
21. x>17
24. x<0
26. ¢
28. R
x| x> 4}, e) {x|x>4}
x| x <25}, e) {x|x<2.5}
x| x>3}, e) {x|x>3}
x| x <5}, e) {x|x<5}
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Answers - Exercises 1.7

WXZ

ly=— "
XZ —WZ — WX

2. x:—wyZ
yZ —Wz — Wy

X_1O+4y
4-3y

X:3y+2
2y -6

. L=15
. y=500

. $3000 @ 4%, $2000@ 3%
. $5000 @ 5%, $2000@ 4%
. 8Lt @18%, 16Lt@12%
10. 4Lt @30%, 8Lt @18%
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11. 2 liters
12. 6 liters
13. 30 Ib of cashews, 30 Ib of almonds

14. 26% Ib of cashews, 13% Ib of almonds

15. 11 quarters, 9 dimes
16. 20 quarters, 7 dimes

17. C(x)=200+4.50x, R(x)=7x, p(x)=2.50x—200, break even point: x = 80 cakes

18. C(x)=280+4x, R(x)=7.50x, p(x)=3.50x—280, break even point: x =80 cakes

20. X

C(x)
19. C(x)=5100+0.02x, R(x)=0.05x, p(x)=0.03x—5100, break even point: x=170,000 copies
C(x)

7000+ 0.02x, R(x)=0.06x, p(x)=0.04x—7000, break even point: x =175,000 copies
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